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We use the Bogoliubov-de Gennes formalism to analyze the effects of rotation on the ground state phases of
harmonically trapped Fermi gases, under the assumption that quantized vortices are not excited. We find that
the rotation breaks Cooper pairs that are located near the trap edge, and that this leads to a phase separation
between the nonrotating superfluid (fully paired) atoms located around the trap center and the rigidly rotating
normal (nonpaired) atoms located towards the trap edge, with a coexistence (partially paired) region in between.
Furthermore, we show that the superfluid phase that occurs in the coexistence region is characterized by a
gapless excitation spectrum, and that it is distinct from the gapped phase that occurs near the trap center.
PACS numbers: 03.75.Hh, 03.75.Kk, 03.75.Ss
With the ultimate success of techniques for trapping and
cooling atomic gases developed and improved gradually since
the 1980s, atomic Fermi gases have emerged as unique testing
grounds for many theories of exotic matter in nature, allowing
for the creation of complex yet very accessible and control-
lable many-body quantum systems. For instance, evolution
from the weakly attracting Bardeen-Cooper-Schrieffer (BCS)
limit to the weakly repulsive molecular Bose-Einstein conden-
sation (BEC) have been observed in a series of remarkable
experiments. The ground state phases of such atomic Fermi
gases have since been the subject of intense theoretical and
experimental research worldwide [1, 2].
To verify the superfluid ground state of atomic Fermi gases,
it is essential to analyze their response to rotation. For in-
stance, it has been theoretically predicted that sufficiently fast
rotation of superfluid Fermi gases excites quantized vortices
in the form of hexagonal vortex lattices [3, 4, 5]. Such vor-
tex lattices have recently been observed for both population
balanced [6] and imbalanced [7] systems. These vortex ex-
periments have not only complemented previously found sig-
natures, but also provided the ultimate evidence to support the
superfluid nature of the ground state.
Recently, the effects of rotation on the ground state phases
of harmonically trapped Fermi gases has been theoretically
studied at unitarity, under the assumption that quantized vor-
tices are not excited [8] (see also Ref. [9]). It has been argued
that the rotation causes a complete phase separation between a
nonrotating superfluid core and a rigidly rotating normal gas,
with a discontinuous density at the interface. Subsequently,
this problem has been analyzed using the mean-field BCS
framework within the semi-classical local density approxima-
tion (LDA) [10]. In addition to the superfluid and normal re-
gions, a coexistence region is found, the possibility of which
is not considered in Ref. [8].
In this manuscrript, we go beyond the semi-classical LDA
and develop a quantum mechanical Bogoliubov-de Gennes
(BdG) formalism to analyze the effects of rotation on the
ground state phases of harmonically trapped Fermi gases. We
discuss both population balanced and imbalanced mixtures
throughout the BCS-BEC evolution. Our main results are in
qualitative agreement with those of Ref. [10]. We find that
the rotation breaks Cooper pairs that are located near the trap
edge, and that this leads to a phase separation between the
nonrotating superfluid (fully paired) atoms located around the
trap center and the rigidly rotating normal (nonpaired) atoms
located towards the trap edge, with a coexisting (partially
paired) region in between. This leads to a continuous density
and superfluid order parameter as a function of radial distance.
Furthermore, we show that the superfluid phase that occurs in
the coexistence region is characterized by a gapless excitation
spectrum, and that it is distinct from the gapped phase that
occurs near the trap center.
We obtain these results by solving the mean-field BdG
equations in the rotating frame (in units of ~ = kB = 1)[ K↑(r)− ΩLz ∆(r)
∆∗(r) −K∗↓(r) + ΩL∗z
] [
uη(r)
vη(r)
]
= ǫη
[
uη(r)
vη(r)
]
,
(1)
where Kσ(r) = −∇2/(2M) − µσ(r), Ω is the rotation fre-
quency around the z-axis of the trapping potential, Lz is
the z-component of the angular momentum operator, and the
off-diagonal self-consistency field ∆(r) = g〈ψ↑(r)ψ↓(r)〉 is
the local superfluid order parameter. Here, σ ≡ {↑, ↓} la-
bels the trapped hyperfine states, M is the mass, µσ(r) =
µσ − V (r) is the local chemical potential, µσ is the global
chemical potential, V (r) = Mω2r2/2 is the trapping po-
tential which is assumed to be spherically symmetric, ω is
the trapping frequency, g > 0 is the strength of the zero-
ranged attractive interactions between ↑ and ↓ atoms, and
〈...〉 is a thermal average. The quasiparticle wavefunctions
uη(r) and vη(r) are related to the particle annihilation opera-
tor ψσ(r) via the Bogoliubov-Valatin transformation ψσ(r) =∑
η[uη,σ(r)γη,σ − sσv∗η,σ(r)γ†η,−σ], where γ†η,σ and γη,σ are
the quasiparticle creation and annihilation operators, respec-
tively, and s↑ = +1 and s↓ = −1. Since the BdG equations
are invariant under the transformation vη,↑(r) → u∗η,↑(r),
uη,↓(r)→ −v∗η,↓(r) and ǫη,↓ → −ǫη,↑, it is sufficient to solve
only for uη(r) ≡ uη,↑(r), vη(r) ≡ vη,↓(r) and ǫη ≡ ǫη,↑ as
long as we keep all of the solutions with positive and negative
eigenvalues.
We assume ∆(r) = −g∑η uη(r)v∗η(r)f(ǫη) is real with-
out loosing generality, where f(x) = 1/[exp(x/T ) + 1]
is the Fermi function and T is the temperature. Further-
more, we can relate g to the two-body scattering length aF
2via 1/g = −M/(4πaF ) + Mkc(r)/(2π2) where k2c (r) =
2M [ǫc + µ(r)] and µ(r) = [µ↑(r) + µ↓(r)]/2. Here, ǫc is
the energy cutoff to be specified below, and our results de-
pend weakly on the particular value of ǫc provided that it
is chosen sufficiently high. The order parameter equation
has to be solved self-consistently with the number equation
Nσ =
∫
drnσ(r), where nσ(r) = 〈ψ†σ(r)ψσ(r)〉 is the local
density of fermions, leading to n↑(r) =
∑
η |uη(r)|2f(ǫη)
and n↓(r) =
∑
η |vη(r)|2f(−ǫη).
Next, we expand uη(r) and vη(r) in the complete
basis of the harmonic trapping potential eigenfunctions
given by Kσ(r)φn,ℓ,m(r) = ξσn,ℓφn,ℓ,m(r), where ξσn,ℓ =
ω(2n + ℓ + 3/2) − µσ is the eigenvalue and φn,ℓ,m(r) =
Rn,ℓ(r)Yℓ,m(θr, ϕr) is the eigenfunction. Here, n is
the radial quantum number, and ℓ and m are the or-
bital angular momentum and its projection, respectively.
The angular part Yℓ,m(θr, ϕr) is a spherical harmonic and
the radial part is Rn,ℓ(r) =
√
2(Mω)3/4[n!/(n + ℓ +
1/2)!]1/2e−r¯
2/2r¯ℓL
ℓ+1/2
n (r¯2), where r¯ =
√
Mωr is dimen-
sionless and Lji (x) is an associated Laguerre polynomial.
We choose Lz = −i∂/∂ϕr and η ≡ {ℓ,m, γ}, lead-
ing to uℓ,m,γ(r) =
∑
n cℓ,m,γ,nφn,ℓ,m(r) and vℓ,m,γ(r) =∑
n dℓ,m,γ,nφn,ℓ,m(r). This expansion reduces the BdG equa-
tions to a 2(nℓ + 1) × 2(nℓ + 1) matrix eigenvalue problem
for a given {ℓ,m} state
∑
n′
(
Kn,n
′
↑,ℓ −mΩδn,n′ ∆n,n
′
ℓ
∆n
′,n
ℓ −Kn,n
′
↓,ℓ −mΩδn,n′
)(
cℓ,m,γ,n′
dℓ,m,γ,n′
)
= ǫℓ,m,γ
(
cℓ,m,γ,n
dℓ,m,γ,n
)
. (2)
Here, nℓ = (nc − ℓ)/2 is the maximal radial quantum num-
ber and nc is the radial quantum number cutoff, such that
we include only the single particle states with ω(2n + ℓ +
3/2) ≤ ǫc = ω(nc + 3/2). In Eq. 2, the diagonal ma-
trix element is Kn,n
′
σ,ℓ = ξ
σ
n,ℓδn,n′ where δi,j is the Kro-
necker delta, and the off-diagonal matrix element is ∆n,n
′
ℓ ≈∫
r2dr∆(r)Rn,ℓ(r)Rn′,ℓ(r). Although∆(r) becomes axially
symmetric when Ω 6= 0, it is convenient to define ∆(r) =∫
dΩr∆(r)/(4π) leading to
∆(r) = − g
4π
∑
ℓ,m,γ,n,n′
R˜↑ℓ,m,γ,n(r)R˜
↓
ℓ,m,γ,n′(r)f(ǫℓ,m,γ),(3)
where we introduced R˜↑ℓ,m,γ,n(r) = cℓ,m,γ,nRn,ℓ(r) and
R˜↓ℓ,m,γ,n(r) = dℓ,m,γ,nRn,ℓ(r). Similarly, we define nσ(r) =∫
dΩrnσ(r)/(4π) leading to
nσ(r) =
1
4π
∑
ℓ,m,γ,n,n′
R˜σℓ,m,γ,n(r)R˜
σ
ℓ,m,γ,n′(r)f(sσǫℓ,m,γ).(4)
Lastly, Nσ reduces to N↑ =
∑
ℓ,m,γ,n c
2
ℓ,m,γ,nf(ǫℓ,m,γ) and
N↓ =
∑
ℓ,m,γ,n d
2
ℓ,m,γ,nf(−ǫℓ,m,γ). When Ω → 0, the
eigenfunction coefficients cℓ,m,γ,n and dℓ,m,γ,n and the eigen-
values ǫℓ,m,γ become independent of m, and Eqs. (2), (3)
and (4) reduce to the usual ones, see e.g. Ref. [11, 12, 13, 14].
Therefore, due to the coupling between different m states, the
rotating case is numerically much more involved compared to
the nonrotating case.
In addition to nσ(r), we want to calculate the local den-
sity of normal (rotating) fermions nσ,N (r). For this pur-
pose, we use the local current density Jσ(r) = 〈Jσ(r)〉,
where Jσ(r) = [1/(2Mi)][ψ†σ(r)∇ψσ(r) − H.c.] is the
quantum mechanical probability current operator and H.c.
is the Hermitian conjugate. This leads to J↑(r) =
[1/(2Mi)]
∑
η[u
∗
η(r)∇uη(r)f(ǫη) − H.c.] and J↓(r) =
[1/(2Mi)]
∑
η[vη(r)∇v∗η(r)f(−ǫη) − H.c.]. The current,
similar to the classical case, can be written as Jσ(r) =
nσ,N(r)v(r), where nσ,N(r) is the local density and v(r) =
Ωẑ × r is the local velocity of normal fermions correspond-
ing to a rigid-body rotation. Since the normal fermions are
expelled towards the trap edge, we approximate nσ,N (r) =∫
dΩrnσ,N (r)/(4π) as
nσ,N (r) ≈ sσ
4πMΩr2
∑
ℓ,m,γ,n,n′
mR˜σℓ,m,γ,n(r)
R˜σℓ,m,γ,n′(r)f(sσǫℓ,m,γ), (5)
such that Jσ(r) =
∫
dΩrJσ(r)/(4π) ∼ Ωrnσ,N (r).
Having discussed the BdG formalism, next, we analyze the
ground state (T = 0) phases for both population balanced
(N↑ = N↓ or µ↑ = µ↓) and imbalanced (N↑ 6= N↓ or
µ↑ 6= µ↓) Fermi gases. This is achieved by solving the BdG
equations (2), (3) and (4) self-consistently as a function of
the dimensionless parameter 1/(kFaF ) where kF is the Fermi
momentum defined via the Fermi energy
ǫF = ω(nF + 3/2) =
k2F
2M
=
1
2
Mω2r2F ≈ ω(3N)1/3 (6)
and N = N↑ + N↓ = (nF + 1)(nF + 2)(nF + 3)/3. Here,
nF and rF are the corresponding Fermi level and Thomas-
Fermi radius, respectively. In our numerical calculations, we
choose nF = 15 and nc = 65, which corresponds to a total
of N = 1632 fermions and ǫc ≈ 4ǫF , respectively. Here, it
is important to emphasize that we do not expect any qualita-
tive change in our results with higher values of nF and/or nc,
except for minor quantitative variations.
In Fig. 1, we consider a weakly interacting Fermi gas on
the BCS side with 1/(kFaF ) = −0.5, and show nσ(r) and
∆(r) for nonrotating (Ω = 0) and rotating (Ω = 0.5ω) cases.
When N↑ = N↓, we find that ∆(r) depletes everywhere in-
side the trap and especially around the trap edge. This is be-
cause it is easier to break the Cooper pairs that are located
towards the trap edge in comparison to the ones that occupy
the center (see below). Our result is quantitatively different
from the LDA one where ∆(r) depletes only around the trap
edge [10]. When N↑ = 3N↓, in addition to such an effect,
the spatial modulation of ∆(r) disappears in the rotating case
as shown in Fig. 1(b). The depletion of ∆(r) leads to a de-
crease (increase) in nσ(r) around the trap center (edge) due
to the centrifugal force caused by the rotation. It also leads
to a phase separation between the nonrotating fully paired su-
perfluid (FPS) atoms located around the trap center and the
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FIG. 1: We compare the density nσ(r) and the superfluid order pa-
rameter ∆(r) for nonrotating (Ω = 0) and rotating (Ω = 0.5ω)
Fermi gases. Here, 1/(kF aF ) = −0.5, and N↑ = N↓ in (a) and
N↑ = 3N↓ in (b). We also show the density nσ,N(r) of normal
fermions (squared-dotted line) for the rotating case.
rigidly rotating normal (nonpaired) ones located towards the
trap edge, with a coexistence region in between, which is in
agreement with the LDA result [10]. We characterize the FPS,
coexistence and normal phases by nσ(r) ≫ nσ,N (r) = 0,
nσ(r) & nσ,N(r) 6= 0 and nσ(r) = nσ,N(r) 6= 0, respec-
tively. Notice that ∆(r) decreases smoothly as a function of
r from the FPS to the normal region where it vanishes, which
is in contrast with the LDA result where ∆(r) is nonanalytic
at the transition [10]. Since ∆(r) is finite in the coexistence
region, this region corresponds to a partially paired superfluid
(PPS), and it occupies a larger region compared to the LDA
resuls [10]. In addition, the trap center becomes a PPS for
Ω & 0.5ω when 1/(kFaF ) = −0.5.
In Fig. 2, we consider a strongly interacting Fermi gas at
unitarity with 1/(kFaF ) = 0, and show nσ(r) and ∆(r) for
nonrotating (Ω = 0) and rotating (Ω = 0.7ω) cases. The main
effects of rotation are qualitatively similar to the weakly in-
teracting case. However, since the Cooper pairs become more
strongly bound as a function of the interaction strength, it re-
quires much faster Ω to break them. For instance, at unitar-
ity, the entire superfluid is robust for Ω . 0.3ω, and the trap
center stays as an FPS even for Ω ∼ ω (not shown). There-
fore, the effects of rotation become weaker as the interaction
strength increases, and both the PPS and the normal regions
eventually disappear in the molecular limit (not shown), i.e.
rotation can not break any Cooper pair in the molecular limit.
Another important observable is the local angular momen-
tum defined by Lz,σ(r) = 〈ψ†σ(r)Lzψσ(r)〉. This leads to
Lz,↑(r) = −i
∑
η u
∗
η(r)∂uη(r)/∂ϕrf(ǫη) and Lz,↓(r) =
−i∑η vη(r)∂v∗η(r)/∂ϕrf(−ǫη). Since the superfluid atoms
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FIG. 2: We compare the density nσ(r) and the superfluid order pa-
rameter ∆(r) for nonrotating (Ω = 0) and rotating (Ω = 0.7ω)
Fermi gases. Here, 1/(kF aF ) = 0.0, and N↑ = N↓ in (a) and
N↑ = 3N↓ in (b). We also show the density nσ,N(r) of normal
fermions (squared-dotted line) for the rotating case.
do not carry angular momentum, Lz,σ(r) is directly re-
lated to the local density of normal fermions via Lz,σ(r) =∫
dΩrLz,σ(r)/(4π) ≈ MΩr2nσ,N (r). Therefore, Lz,σ(r)
can be easily extracted from Figs. 1 and 2. For complete-
ness, the total angular momentum Lz,σ =
∫
drLz,σ(r) be-
comes Lz,↑ =
∑
ℓ,m,γ,n,n′ mc
2
ℓ,m,γ,nf(ǫℓ,m,γ) and Lz,↓ =
−∑ℓ,m,γ,n,n′ md2ℓ,m,γ,nf(−ǫℓ,m,γ), and it increases with in-
creasing Ω. In the weakly attracting limit, Lz,σ becomes
its rigid-body value when Ω increases high enough so that
∆(r)→ 0 everywhere (not shown).
The microscopic mechanism responsible for the pair break-
ing effects can be understood analytically within the semi-
classical LDA, i.e. each component of the Fermi gas is con-
sidered as locally homogenous at each position r with a lo-
cal chemical potential µσ(r). In this approximation, the local
quasiparticle and quasihole excitation branches are [10, 15]
E1,2(p, r) =
µ↑ − µ↓
2
+ v(r) · p± E0(p, r), (7)
whereE0(p, r) =
√
[p2/(2M)− µ(r)]2 +∆2(r) is the usual
spectrum for nonrotating and population balanced mixtures,
v(r) = Ωẑ × r is the velocity and p is the momentum. In
Fig. 3, we present three schematic diagrams showingE1(p, r)
and E2(p, r) as a function of p for fixed values of r. At
each r, the many-body ground state wavefunction fills up all
of the states with negative energy, and excitations correspond
to removing a quasiparticle or a quasihole from a filled state
and adding it to the one that is not filled. In order to show
that these excitation spectra correspond to three topologically
distinct superfluid phases that can be observed in atomic sys-
4tems, next we discuss E1,2(p, r) in the z = 0 plane such that
r ≡ (x, y, 0).
First, we consider the population balanced case where µ↑ =
µ↓. In the FPS phase, the excitation spectrum is symmetric
around the zero energy axis, i.e. E1(p, r) = −E2(p, r), lead-
ing to a gapped spectrum as shown in Fig. 3(a). However, in
the rotating case, there is a local asymmetry between the pair-
ing states {r,p, ↑; r,−p, ↓} and {r,−p, ↑; r,p, ↓}. When
this asymmetry becomes sufficiently large, there exists a mo-
mentum space region p− ≤ p ≤ p+ where E1(−p, r) ≤ 0
and E2(p, r) ≥ 0. This occurs for position space region r ≥
rT when the conditionA(r) = 2MΩ2r2[µ(r)+MΩ2r2/2]−
∆2(r) ≥ 0 is satisfied, where rT is defined through A(rT ) =
0 and p± = 2M [µ(r) + MΩ2r2] ± 2M
√
A(r). Therefore,
both E1,2(p, r) have two zeros at p = p±, and the excitation
spectrum becomes gapless at these momenta. We characterize
this phase as the PPS, and its excitation spectrum is shown in
Fig. 3(b).
For a weakly attracting gas, the condition A(r) ≥ 0 can
only be satisfied near the trap edge when Ω ≪ ω, but it can
also be satisfied near the trap center when Ω ∼ ω. How-
ever, in the strongly interacting limit where µ is small yet
positive, this condition can only be satisfied for sufficiently
small values of ∆(r) near the trap edge even when Ω ∼ ω.
Finally, in the molecular limit where µ is negative, this condi-
tion can not be satisfied anywhere inside the trap, leading to
a superfluid phase with a gapped excitation spectrum, i.e. the
Cooper pairs are robust in the molecular limit. As one may ex-
pect, the asymmetric pairing caused by the rotation does not
lead to a local population imbalance at any position r since
E1(−p, r) ≤ 0 when E2(p, r) ≥ 0 and vice versa. How-
ever, this asymmetry prevents the formation of Cooper pairs
in the phase space region when both E1,2(p, r) ≥ 0 or both
E1,2(p, r) ≤ 0, and thus it is responsible for the creation of
the PPS and the normal phases.
p
E (p,r)2
(a) FPS spectrum (b) PPS spectrum (c) PIS spectrum
E (p,r)2E (p,r)2
E (p,r)1 E (p,r)1
E (p,r)1
FIG. 3: Schematic diagrams showing the excitation spectrum of (a)
a gapped fully paired superfluid (FPS) phase at r = 0, (b) a gapless
partially paired superfluid (PPS) phase at r ≥ rT , and (c) a gapless
population imbalanced superfluid (PIS) phase at r = 0 as a function
of momentum p.
We find that the local excitation spectrum changes from
gapped (FPS) to gapless (PPS) at position r = rT . In homoge-
nous (infinite) systems such a change is classified as a topo-
logical quantum phase transition [16]. Since this change oc-
curs in the momentum space, it does not leave any strong sig-
nature in the momentum averaged observables such as ∆(r),
n(r), etc. However, its direct consequences can be observed
via a recently developed position and momentum resolved
spectrocopy [17]. For instance, the local density distribu-
tions [15]
n↑,↓(p, r) = u˜
2(p, r)f [±E1,2(p, r)] + v˜2(p, r)f [±E2,1(p, r)],
are nonanalytic at p = p± when r ≥ rT . Here, u˜2(p, r) =
{1 + [ǫ(p) − µ(r)]/E0(p, r)]}/2 and v˜2(p, r) = {1 −
[ǫ(p) − µ(r)]/E0(p, r)]}/2 are the usual coherence factors
with ǫ(p) = p2/(2M).
For population imbalanced superfluids (PIS) where µ↑ 6=
µ↓, the excitation branches shift upwards (downwards), and
one of them cross zero energy axis when N↑ > N↓ (N↑ <
N↓), leading to a gapless excitation spectrum. This is ex-
pected since the excess fermions can only exist in regions with
both E1,2(p, r) ≥ 0 or both E1,2(p, r) ≤ 0. In the absence
of rotation [15], for a weakly attracting PIS only one of the
excitation branches has four zeros as shown in Fig. 3(c) for
the N↑ > N↓ case. However, in the strongly attracting limit,
this branch has only two zeros (not shown). When the sys-
tem is rotating, the excitation spectra tilt similar to that shown
in Fig. 3(b) (not shown). We remark in passing that a simi-
lar quantum phase transition with its experimental signatures
has recently been discussed in the context of trapped p-wave
superfluids [18].
To conclude, we used the BdG formalism to analyze the
effects of adiabatic rotation on the ground state phases of har-
monically trapped Fermi gases. We found that the rotation
breaks Cooper pairs that are located near the trap edge, and
that this leads to a phase separation between the nonrotating
superfluid (fully paired) atoms located around the trap cen-
ter and the rigidly rotating normal (nonpaired) atoms located
towards the trap edge with a coexistence (partially paired) re-
gion in between. We also showed that the rotation reveals a
topological quantum phase transition in the momentum space
as a function of radial distance. An interesting extention of
our work is to study emergence of dynamic instabilities for
fast enough rotation [8, 19].
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